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1. (4 points) LetR be a ring. Show thaR is a principal ideal domain if and only I® is a Dedekind ring
with Pic(R) = 0.

2. (4 points) LetR be a Noetherian integral domain of Krull dimensibrand I < R be an invertible
integral ideal. Lep be a maximal ideal oR2. Let I(,) := I N R be thep-primary part of/.

Show thatl has aprimary decomposition, i.e. I = ﬂpy Iy
3. (4 points)
(a) LetR be a discrete valuation ring with field of fractiodS and maximal ideap. Recall that we
denote byrd,(z) for € K* the maximum integer such thatr € p". Letord,(0) = co. Show

that the map
v:K —7Z, xw ordy(x) (0.12)

satisfies
v(z +y)) > min(v(z),v(y)) forall z,y € K. (0.2)

The mapv is called adiscrete valuation.
(b) Let K be a field together with a discrete valuatieas in (0.1) satisfying (0.2). Show that

R, :={z € K |v(z) >0}

is a discrete valuation ring. What is its maximal ideal?
(c) Show that every discrete valuation ring is a valuation ring (see Sheésgzcise 2).

4. (4 points) Letk be a Noetherian ring of Krull dimension zero (i.e. every prime idedt & a maximal
ideal). Show thaf? is an Artinian ring, i.e. that every descending chain of ideals

ap2az24a3 2 ...

becomes stationary, i.e. therenis N such that,, = a,,; forall i € N.

Here is a possible strategy. You may use a different one9Lbe the nilradical ofR, i.e. the set of
all nilpotent elements. It is the intersection of the prime idealg:oNow consider the natural map
R — ]y R/PB =: E. Show thatE' has only finitely many ideals and is hence an Artinfzsmodule.
Now consider the quotientg” /n™*! and conclude.



