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1. (4 points) LetK be a number field andL/K andM/K finite extensions. Prove that the ring of integers
of the compositumLM need not be equal to the composite of the rings of integers ofL andM .

2. (4 points) Letd 6= 0, 1 be a squarefree integer. Show that the index ofZ[
√

d] in the ring of integers of
Q(

√
d) is 1 or 2.

3. (4 points) Letf ∈ Z[X] andg1, . . . , gr ∈ Z[X] be monic distinct irreducible polynomials such that
f = g1 · . . . · gr ∈ Fp[X], where the notationf means the reduction of the (coefficients of the)
polynomial modulop.

Consider the ringR = Z[X]/(f(X)) = Z[α] for someα ∈ Q and letpi = (p, gi(α)) � R for
i = 1, . . . , r be the prime ideal already considered in the lecture.

Prove thatpR = p1p2 . . . pr.

4. (4 points)

(a) Letf ∈ Z[X] be any nonconstant polynomial. Prove thatf has a zero modp for infinitely many
primesp.

Hint: If f(0) = 1, then considerf(n!). Next considerg(x) = f(xf(0))/f(0).

(b) LetK be any number field. Prove that there are infinitely many primesP of K of residue degree1,
i.e.f(p/(p)) = 1, where(p) = P ∩ Z.


