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1. (4 points) Leta, b be coprime integers withb > 1. Show that the following statements are equivalent:

(i) a is a quadratic residue modulob.

(ii) a is a quadratic residue modulo every prime divisor ofb and

• a ≡ 1 mod 4 if 4|b,

• a ≡ 1 mod 8 if 8|b.

2. (4 points) Show that an odd primep is of the formp = x2 + 2y2 with x, y ∈ Z if and only if
p ≡ 1, 3 mod 8.

3. (4 points) Letp be a prime anda, b ∈ Fp. Sketch a fast algorithm that decides whether the equation

X2 + aX + b = 0

has a solution inFp.

Note: Trying out all possibilities is not considered a fast algorithm (unlessp = 2)! It is not necessary
to construct a solution.

4. (4 points)

(a) Let L/K be a Galois extension of number fields and letP be a prime ofL such thatP/p is
unramified (i.e.e(P/p) = 1) with p = P ∩ K. Let q be the norm ofp/(p) with (p) = p ∩ Z.
Show that there exists a unique elementφP in the decomposition groupGP such that its image
in the Galois group of the residue fieldsGal(κ(P)/κ(p)) is given byx 7→ xq. Show also thatφP

generatesGP, which is hence a cyclic group.

(b) LetL/K be a Galois extension of number fields with Galois groupG which is not a cyclic group.
Show that no prime is inert inL/K.


